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Abstract
We analyze the properly normalized three-point correlator of two protected scalar operators
and one higher spin twist-two operator in N = 4 super Yang-Mills, in the limit of large
spin j. The relevant structure constant can be extracted from the OPE of the four-point
correlator of protected scalar operators. We show that crossing symmetry of the four point
correlator plus a judicious guess for the perturbative structure of the three-point correlator,
allow to make a prediction for the structure constant at all loops in perturbation theory,
up to terms that remain finite as the spin becomes large. Furthermore, the expression for
the structure constant allows to propose an expression for the all loops four-point correlator
G(u, v), in the limit u, v → 0. Our predictions are in perfect agreement with the large j
expansion of results available in the literature.
1 Introduction
N = 4 super Yang-Mills is a CFT and as such should be characterized by the spectrum
of anomalous dimensions ∆i of its local gauge invariant operators Oi, or two-point func-
tions, and its structure constants Cijk, or three-point functions. These quantities are usually
complicated functions of the coupling constant g and the number of colors N , but a vast
simplification occurs in the planar limit, in which they are non-trivial functions of a = g
2N
4π2
.
Over the last few years, there has been an enormous success in computing the anomalous
dimensions ∆i(a) at all values of the coupling constant for large class of operators, by using
the methods of integrability, see for instance [1].
Two important classes of operators are protected operators and higher-spin operators.
Anomalous dimensions of protected operators do not get quantum corrections, and hence
they are equal to the bare dimension at all values of the coupling ∆(a) = ∆0. Likewise,
non-renormalization theorems protect the structure constants of protected operators from
quantum corrections [2]. The anomalous dimension of higher-spin operators ∆j(a) is more
interesting. For instance, for large values of the Lorentz spin j, it grows logarithmically [3]:
γj(a) ≡ ∆j(a)− j − 2 = f(a)(log j + γe) + g(a) +O(1/j) (1)
where f(a) is the so-called cusp or universal anomalous dimension, while g(a) depends on
the details of the operator under consideration. The cusp anomalous dimension appears
in several other computations (e.g. it controls IR singularities of scattering amplitudes as
well as UV singularities of Wilson loops with cusps), which makes the study of higher spin
operators even more interesting. Over the last few years, there has been remarkable progress
in the computation of the cusp anomalous dimension for planar N = 4 super Yang-Mills, to
the point that it is now known to all values of the coupling [4, 5]. On the other hand, much
less is known about three-point functions involving higher-spin operators. Some specific
examples at one loop were first discussed in [6]. More recently, [8] computed the structure
constants of three higher-spin operators at tree-level 1. The focus of this paper will be the
properly normalized structure constant involving two protected operators and one higher-
spin operator, sometimes referred to as universal structure constant and schematically of the
form
Cj(a) ∼ 〈OOOj〉
〈OO〉
√
〈OjO˜j〉
(2)
where O is a protected scalar operator and Oj is a higher-spin operator with Lorentz spin
j. There are two distinct ways to compute this quantity. The first one is by doing an
explicit/Feynman diagram computation. This was done at one loop in [7]. The second
way is by starting with the four point correlation function of protected scalar operators
〈O1O2O3O4〉 and then considering a coincidence limit in which O2 approaches O1 and O4
approaches O3. In this limit we have the usual OPE expansion O1O2 ∼
∑
j CjOj and hence
Cj can be extracted from the four point function
〈O1O2O3O4〉 ∼
∑
j
CjCj (3)
1See [9, 10] for related computations involving higher-spin operators
2
This OPE was analyzed in full detail in [11]. The one loop result can be extracted from this
analysis and is in perfect agreement with the result of [7]. Finally the OPE, together with
explicit results at three-loops for the four point function [12], was used by [13] to extract the
universal structure constants at three-loops.
The aim of the present paper is to understand the large j behavior of the universal
structure constant Cj(a). Based on the OPE structure, symmetry arguments and intuition
from the available perturbative results we are able to guess an expression analogous to (1).
More precisely, we find that, in the large j limit and at all orders in perturbation theory:
Cj(a)
Ctreej
= F (a)2−γj(a)/2e−γeγj(a)/2e−g(a)/2(log j+γe)Γ
(
1− γj(a)
2
)
+O(1/j) (4)
where F (a) is a function of the coupling constant, independent of j and γj(a) is the anomalous
dimension of the higher spin operator, which behaves according to (1) in the large spin limit.
Having a proposal for the structure constant in the large j limit, it turns out we can
derive an expression for the u, v → 0 limit of the four-point correlator
lim
u,v→0
G(u, v) ∼ e− f(a)4 logu log v+ g(a)2 (log u+log v)J(u, v) (5)
where J(u, v) is a symmetric function of u, v and is given to all loops. The organization of
this paper is as follows: in the next section we introduce the precise correlator to be studied
and review its computation to one loop. The computation can be done in two ways: explicit
Feynman diagram calculation and from the OPE of a specific four-point correlator. The
later method is more appropriate to understand the systematics of a large spin expansion.
In section three we analyze the correlator in the high spin limit and propose an all loop
expression that fully captures this expansion. Furthermore, we use our proposal in order to
derive an all loop expression for the four-point correlator mentioned above, in the limit of
vanishing cross-ratios. We end up with some conclusions and open problems. Finally, in the
appendix we compute the large spin expansion of the results available in the literature and
show that they are in full agreement with our prediction.
2 The universal structure constant
Let us start by reviewing the explicit computation of [7]. We want to study the three-point
function involving two protected scalar operators
O(x) = Tr (Φ¯12Φ¯13) , O˜(x) = Tr (Φ¯12Φ13) (6)
and one twist-two higher-spin operator, which at tree-level is of the form [14]
Oj(x) = zµ1 ...zµj
j∑
k=0
(−1)k
(
j
k
)2
Tr
(
Dµ1 ...DµkΦ
12Dµk+1...DµjΦ
12
)
(7)
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where zµ is a null vector. The structure of the two and three-point functions under consid-
eration is fixed by conformal invariance
〈Oj(x1)Ok(x2)〉 = δjkNj(a) (z · x12)
2j
|x212|2j+2+γj(a)
(8)
〈O(x1)O˜(x2)Oj(x3)〉 = COOj(a)
(
1
2
zµ∂
µ
x3 log
(
x223
x213
))j
|x12|2−γj(a)|x13|2+γj(a)|x23|2+γj(a) (9)
where we have assumed j even. [7] explicitly computed Nj(a) and COOj(a) up to one loop,
obtaining the following result for the structure constant
Cj(a) =
COOj(a)
N0Nj(a)1/2 = 2
1/2 Γ(j + 1)
Γ(2j + 1)1/2
(
1 + (2S1(j)(S1(j)− S1(2j))− S2(j)) a
2
+ ...
)
(10)
where N0 = 1(8π2)2 comes form the normalization of the protected operators and the Harmonic
sums are given by Sa(j) =
∑j
n=1
1
na
.
2.1 Extracting the universal structure constants from the OPE
The above result can also be obtained by an alternative method, see e.g. [11], which we
briefly describe in the following. We start with the four-point function of protected scalar
operators located at x1,2,3,4. Conformal invariance implies the following structure
〈O1(x1)O2(x2)O3(x3)O4(x4)〉 = G(u, v)
x212x
2
23x
2
34x
2
41
(11)
so that this correlator can depend non-trivially only on the cross-ratios
u =
x212x
2
34
x213x
2
24
, v =
x214x
2
23
x213x
2
24
(12)
next we consider the OPE limit x12 → 0 and x34 → 0. At the level of the cross-ratios this
means u→ 0 and v → 1 (but with u approaching zero faster). When taking the OPE limit,
the operators O1 and O2 will give rise to an infinite sum of conformal primaries and their
descendants
O1(x1)O2(x2) ∼
∑
ℓ
C12,ℓ
xµ112 ...x
µj
12
x∆ℓ12
Oµ1...µjℓ (x1) (13)
A conformal primary is labelled by ℓ, which encodes the SU(4) representation, the dimension
and the Lorentz spin j. Given a primary all its descendants are packed into a conformal
partial wave. Hence, in this limit we can write the four point function as a sum over
intermediate states, propagating from the left side to the right side. Each term is weighted
by C12,ℓC34,ℓ, the probability of creating the state on the left and reabsorbing it on the
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right. In order to compute the structure constant we are interested in, we need to select the
appropriate primaries. The protected scalar primaries we started with transform in the 20
of SU(4). The states on the OPE will transform under the 20 × 20 = 1 + 15 + 20 + ...,
so first we need to project over the 20. Furthermore, as we are interested only in twist two
operators, we need to take the limit u → 0. Higher powers of u will correspond to higher
twist and can be dropped. Finally, the power of Y = 1 − v will characterize the spin of the
exchanged operator. See [11, 13] for more details.
Let us show how to re-obtain the result of the previous subsection. The equation to be
solved is the following [11]
(
1
1− Y + 1
)
− Y
1− Y
(
1
2
log(1− Y ) log u+ Li2(Y )
)
a+ ... = (14)
=
∞∑
j=0
(Cj(a))
2 uγj(a)/2Y j 2F1(j + 1 + γj(a)/2, j + 1 + γj(a)/2, 2j + 2 + γj(a); Y )
The left hand side of this equation is the corresponding limit of the four-point correlation
function up to one loop, which is explicitly known, projected over intermediate states in
the 20 representation. As can be seen, all powers of u have been dropped. The right hand
side represents the sum over conformal waves corresponding to twist-two primaries of spin
j. γj(a) is the anomalous dimension of the corresponding operator and Cj(a) the properly
normalized structure constant. The anomalous dimension and structure constant admit a
perturbative expansion
γj(a) = γ1a+ ... (15)
Cj(a) = C
tree
j + aC
(1)
j + ... (16)
The task is then to solve for γj(a) and Cj(a) order by order in perturbation theory and for
each value of j. This can be done by expanding (14) in powers of Y and then equating the
two sides term by term. The solution is
Ctreej = 2
1/2 Γ(j + 1)
Γ(2j + 1)1/2
, (17)
C
(1)
j = 2
−1/2 Γ(j + 1)
Γ(2j + 1)1/2
(2S1(j)(S1(j)− S1(2j))− S2(j)) (18)
γ1 = 2S1(j) (19)
in perfect agreement with the explicit computation (10). Note that this method provides
not only the structure constant, but also the anomalous dimension (as does the explicit
computation), but one does not need to specify the precise quantum state that is propagating.
Furthermore, note that the OPE analysis gives directly the properly normalized structure
constants. Finally, let us add that this procedure has been carried out up to three loops in
[13]. The corresponding Cj(a) is presented in the appendix.
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3 Large spin analysis
We want to understand the large j behavior of the universal structure constants Cj(a), as
extracted from the OPE of the four-point function of scalar protected operators. As reviewed
in the previous section, the equation to be solved is the following
(
1
1− Y + 1
)
+... =
∞∑
j=0
2
Γ(j + 1)2
Γ(2j + 1)
Cˆj(a)u
γj(a)/2Y j 2F1(j+1+γj(a)/2, j+1+γj(a)/2, 2j+2+γj(a); Y )
(20)
where we have defined
Cˆ(j) =
(
Cj(a)
Ctreej
)2
(21)
Let us focus in the r.h.s. of (20) for large values of j. As j increases, most of the contribution
comes from the region Y ≈ 1. The appropriate limit to consider is
Y = 1− v, j = x√
v
(22)
and then take v → 0. In this limit, the sum over j becomes an integral with the natural
measure
∑
j → 12
∫∞
0
dx√
v
2. Furthermore, in this limit 3
Γ(j + 1)2
Γ(2j + 1)
Y j 2F1(j + 1 + γ/2, j + 1 + γ/2, 2j + 2 + γ; Y )→ 1√
v
2γ4xK0(2x) (23)
This is a generalization of the limit studied in [17]. Hence, as v goes to zero, (20) becomes
1
v
(1 + 2
∑
ℓ=1
aℓF (ℓ)|u,v=0) = 1
v
∫ ∞
0
dx4Cˆ(
x√
v
)uγ/22γxK0(2x) (24)
On the left-hand-side we have shown explicitly the leading power in v. F (ℓ)|u,v=0 is the
contribution at ℓ−loops, where we suppress powers of u and v, but log’s are in general present.
2The factor of 12 comes from the fact that the sum over j is only for even spin
3The large j limit of the conformal block Ij(Y ) =
Γ(j+1)2
Γ(2j+1)Y
j
2F1(j + 1 + γ/2, j + 1 + γ/2, 2j + 2 + γ;Y )
can be understood as follows, see for instance, [18]. Using the integral representation for the hypergeometric
function we can write
Ij(Y ) =
Γ(j + 1)2
Γ(2j + 1)
Γ(2j + 2 + γ)
Γ(j + 1 + γ/2)2
Y j
∫ 1
0
tj+γ/2(1− t)j+γ/2(1− tY )−(j+1+γ/2)dt
setting Y = 1 − v, j = x√
v
and taking the v → 0 limit, the prefactor turns into 21+γx√
v
. On the other hand,
upon changing coordinates t→ 1− t√v, in the limit the integral reduces to∫ ∞
0
e−(t+1/t)x
t
= 2K0(2x)
giving the desired result.
6
Here comes an important point: the left hand side contribution (1+2
∑
ℓ=1 a
ℓF (ℓ)|u,v=0), even
though not known explicitly beyond three-loops, has to be a symmetric function of u and v.
This is a consequence of crossing-symmetry for the four-point correlator, which is recovered
in the limit under consideration. On the right hand side we have suppressed the coupling
constant dependence but both, γ and Cˆ, depend on the coupling constant. Hence we arrive
at the following equation
∫ ∞
0
dx4Cˆ(
x√
v
)(4u)
(f(a)(log x√
v
+γe)+g(a))/2xK0(2x) = L(u, v) (25)
where L(u, v) is the u, v → 0 limit of the four-point function G(u, v), and is a symmetric
function under the interchange of u and v.
What can we say about Cˆ( x√
v
)? The large j expansion of the explicit results (see ap-
pendix) suggests the following structure at all loops
log Cˆ(j) = (b10 log j
′ + b11) a+
(
b20 log
2 j′ + b21 log j
′ + b22
)
a2+
(
b30 log
3 j′ + ...+ b33
)
a3+ ...
(26)
where j′ = jeγe . This general expansion can be plugged into (25) and we can integrate order
by order in perturbation theory. All integrals are of the form
∫∞
0
4x logq xK0(2x) and can
be easily performed with Mathematica. Quite remarkably, just by requiring the final result
to be symmetric under interchange of u and v, we can fix all the coefficients bij for i < j in
terms of the anomalous dimension functions f(a) and g(a). We have checked that this is the
case up to several loops. For instance, for the first coefficients we find
b10 = −f1 log 2, b20 = 1
2
ζ2f
2
1 , b21 =
1
2
ζ2f1g1 − f2 log 2− g2 (27)
and so on, where fℓ and gℓ are the ℓ−loop contributions to f(a) and g(a). This can be seen
to agree precisely with the large j expansion of the results available in the literature, shown
in the appendix. Furthermore, the structure of the leading coefficients suggests the following
closed form
Cˆ(j) = 2−γj(a)e−γeγj(a)e−g(a)(log j+γe)
[
Γ
(
1− γj(a)
2
)]2
(28)
which indeed captures all the logarithmic terms (not only the leading ones) to the order we
checked!4 We will see in the next section that indeed this leads to a function symmetric
under interchange of u and v. This expression for Cˆ(j) implies the large spin expansion for
the universal structure constant cited in the introduction, namely
Cj(a)
Ctreej
= F (a)2−γj(a)/2e−γeγj(a)/2e−g(a)/2(log j+γe)Γ
(
1− γj(a)
2
)
+O(1/j) (29)
Recall that, at this order, γj(a) behaves as in (1). This determines the large j expansion
of the structure constant, to all loops in perturbation theory and is the main result of this
4This is to be contrasted with the simple scaling behavior of the DIS Wilson loop coefficient, see e.g. [15].
However, in both quantities the large j behavior is controlled by the anomalous dimension, as expected [16]
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paper. It is interesting to note that we have never used the explicit expression for L(u, v) in
(25), just its symmetry properties. In spirit, this is very similar to the conformal bootstrap.
In the appendix we compute the large j expansion of the structure constant from the
available results in the literature (up to three loops) and check precise agreement with our
prediction. Furthermore, in doing the comparison we can compute
F (a) = −1
2
ζ2a+
7
8
ζ22a
2 + ... (30)
3.1 Implications for the four-point function
Having a prediction for the large spin behavior of Cˆ(j) at all orders in perturbation theory,
we can ask what are the implications for the original four-point function in the limit u, v → 0
lim
u,v→0
G(u, v) ≡ L(u, v) (31)
In order to answer this we simply insert (29) in (25) and compute the resulting L(u, v). By
using the following identity
∫ ∞
0
dy 4y ykK0(2y) =
[
Γ
(
1 +
k
2
)]2
(32)
we can write (25) in a symmetric fashion
L(u, v) = fin× e− f(a)4 log u log v+ g(a)2 (log u+log v)J(uˆ, vˆ) (33)
J(uˆ, vˆ) = eγe(uˆ+vˆ)16
∫ ∞
0
dxdy xy xuˆ yvˆ e−f(a) log x log yK0(2x)K0(2y)
(34)
where fin is independent of u and v, and not fixed by our analysis. We have introduced the
notation
uˆ = f(a)/2 log u− γef(a)− g(a)
vˆ = f(a)/2 log v − γef(a)− g(a)
This shows that for our choice of Cˆ(j), the final integral is indeed a symmetric function!
J(uˆ, vˆ) is a sum of factorized contributions of the form
J(uˆ, vˆ) = eγe(uˆ+vˆ)
∑
ℓ
(−1)ℓf(a)ℓ
ℓ!
J (ℓ)(uˆ)J (ℓ)(vˆ) (35)
the integrals J (ℓ)(k) can easily be calculated starting from (32) and taking derivatives with
respect to k on both sides. For the first few cases we obtain
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J 0(k) =
[
Γ
(
1 +
k
2
)]2
(36)
J 1(k) = dJ
0(k)
dk
= J 0(k)ψ(0)(1 + k
2
) (37)
J 2(k) = d
2J 0(k)
dk2
= J 0(k)
(
ψ(0)(1 +
k
2
)2 +
1
2
ψ(1)(1 +
k
2
)
)
(38)
and so on. The full result can be formally written as
J(uˆ, vˆ) = eγe(uˆ+vˆ)e−f(a)
∂2
∂uˆ∂vˆ
[
Γ
(
1 +
uˆ
2
)]2 [
Γ
(
1 +
vˆ
2
)]2
(39)
The limit u, v→ 0 of the four point correlator, up to two loops, was also studied in [17],
where the sequential null limit of the insertion points was considered. Our results should be
compared to section four of that paper 5: we see precise agreement between the exponential
terms in (33) and the first line of eq. (4.36) in that paper. Furthermore, the first term for
J(uˆ, vˆ) precisely agrees with J up to two loops, as computed in [17]! Note that our extra
factor of eγe(uˆ+vˆ) will exactly cancel γe terms in a perturbative expansion, so J will start
contributing at two loops. In this paper we have given J at all orders in perturbation theory.
4 Conclusions
We have analyzed the properly normalized three-point correlator of two protected scalar
operators and one higher spin operator, in the limit of large spin j. The relevant structure
constant can be extracted from the OPE of the four-point correlator of protected scalar
operators. We have shown that crossing symmetry of the four point correlator, plus a
judicious guess for the perturbative structure of the three-point correlation, allow us to
make a prediction for the structure constant at all loops in perturbation theory, up to terms
that are finite as the spin becomes large. This prediction is in perfect agreement with the
available results (namely up to three loops). Furthermore, the expression for the structure
constant allows us to propose an expression for the all loops four-point correlator G(u, v),
in the limit u, v → 0. Again, this expression is in perfect agreement with the available
expressions in the literature (namely up to two loops). There are several open problems
• Can we extrapolate our results to strong coupling? We have presented results to all
loops, for a non-protected three-point correlator, but still in a perturbative expansion,
so that γj(a) is small. The extrapolation may be subtle due to order of limits issues
and in particular note that (29) contains poles at intermediate values γj(a) = 2, 4, ....
Note that at these values, twist-two contributions can mix with higher twists.
5The relation between the cross-ratios used in [17] and here is zz¯ = v and (1− z)(1− z¯) = u.
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• Once the extrapolation is understood, can we match the result by using AdS/CFT ?
At strong coupling it is not known yet how to compute the correlator of two light
operators with a heavy one. On the other hand there are available results for the
four-point correlator [21], so a comparison may in principle be possible.
• Over the last couple of years integrability techniques have been applied to the problem
of correlators in N = 4 SYM, see for instance [22] and references therein. Can the
results of this paper be used to extend this program? certainly higher-spin operators
played a very important role in applying integrability to the spectral problem, so we
expect the same to happen for correlators.
• Similar three-point correlation functions (but transforming as a singlet under SU(4))
were considered in [23], where Regge theory was applied to correlation functions. It
would be interesting to study the large spin behavior of such correlators. Conversely,
one could study the structure of poles in the correlators studied in this paper (when
analitically continued in j). This would be very interesting, as one would be able to
make all loop predictions in different regimes.
• In this paper we gave an expression for the four-point correlator G(u, v), in the limit
u, v → 0. Note that this didn’t require any explicit computation, but only understand-
ing the structure of the OPE and crossing-symmetry. Can we extend this analysis to
general cross-ratios? or equivalently, can our results be used to constraint the four-
point correlator at higher loops? in spirit our method is very similar to the conformal
bootstrap. It would be interesting to find a relation to recent developments in this
area, see e.g. [24, 18, 19].
• Related to above point, it would be interesting to understand the results of this paper
by using the picture of [17, 25].
• Finally, note that we didn’t use much of the structure of N = 4 SYM, so we expect our
results to be valid for other CFT with certain modifications. It would be interesting
to study this problem in detail.
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A Asymptotic expansions of available results
The universal structure constants were computed up to three-loops in [13]. The final result
takes the form
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N(j) = 2
(
Γ(j + 1 + γ
2
)2
Γ(2j + 1 + γ)
− 1
4
Γ(j + 1)2
Γ(2j + 1)
∞∑
i=2
ζibi
)
× (40)
× (1 + ac1,2 + a2 (ζ3c2,1 + c2,4) + a3 (ζ5c3,1 + ζ3c3,3 + c3,6)) (41)
where
a =
g2N
4π2
, b2 = −γ2 + (S1(2j)− S1(j)) γ3 + ..., b3 = γ3 + ... (42)
and the anomalous dimension, which depends on the spin, has an expansion γ = γ1a+γ2a
2+
γ3a
3 + .... The anomalous dimension, as well as the ci,j are written in terms of Harmonic
sums, for instance:
γ1 = 2S1 (43)
γ2 = −S−3 − 2S−2S1 − 2S1S2 − S3 + 2S−2,1 (44)
c1,2 = −S2 (45)
c2,1 = 3S1 (46)
c2,4 =
5
2
S−4 + S
2
−2 + 2S−3S1 + S−2S2 + S
2
2 + 2S1S3 +
5
2
S4 − 2S−3,1 − S−2,2 − 2S1,3(47)
and so on. The rest of the expressions can be found in [13] and the argument of all harmonic
sums is j. Harmonic sums are defined by [26]
Sa(j) =
j∑
m=1
1
ma
, Sa,b,c,...(j) =
j∑
m=1
1
ma
Sb,c,...(m) (48)
S−a(j) =
j∑
m=1
(−1)m
ma
, S−a,b,c,...(j) =
j∑
m=1
(−1)m
ma
Sb,c,...(m) (49)
We will be interested in the large j behavior of the above expressions. For instance, it is
easy to check
S1(j) = log j + γe + ..., S−1(a) = − log 2 + ... (50)
Sa(j) = ζa + ..., S−a(j) = −2
a−1 − 1
2a−1
ζa + ... a > 1 (51)
Furthermore, harmonic numbers with the first entry different from one are finite in the large
j limit. The anomalous dimension of twist-two operators is known to several loops and their
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large j expansion has been computed for instance in [20]
γ1 = 2 (log j + γe) +O(1/j) (52)
γ2 = −ζ2 (log j + γe)− 3
2
ζ3 +O(1/j) (53)
γ3 =
11
4
ζ4 (log j + γe) +
1
2
ζ2ζ3 +
5
2
ζ5 +O(1/j) (54)
Furthermore, we have computed the asymptotic expansions for the functions ci,j appearing
in (40) and have obtained 6
c1,2 = −ζ2 +O(1/j) (55)
c2,1 = 3 (log j + γe) +O(1/j) (56)
c2,4 = −3
2
ζ3 (log j + γe) + 5ζ4 +O(1/j) (57)
c3,1 = −25
2
(log j + γe) +O(1/j) (58)
c3,3 =
4
3
(log j + γe)
3 − ζ2 (log j + γe)− 17
6
ζ3 +O(1/j) (59)
c3,6 =
4
3
ζ3 (log j + γe)
3 + (10ζ5 − ζ2ζ3) (log j + γe) + 17
12
ζ23 −
591
140
ζ32 +O(1/j) (60)
This gives the following expansion for N(j), up to terms of order O(1/j):
log
(
N(j)
N(j)tree
)
= − (2 log 2 log j′ + ζ2) a +
(
ζ2 log
2 j′ + (ζ2 log 2 + 32ζ3) log j
′ + 3
2
ζ22 +
3
2
log 2ζ3
)
a2 +
+
(
2
3
ζ3 log
3 j′ − ζ22 log2 j′ +
(−5
2
ζ5 − 2ζ2ζ3 − (ζ22 + 14ζ4) log 2
)
log j′ +O(1)) a3 + ...
where j′ = jeγe . The coefficient in front of each power of log j′ can be seen to be exactly
reproduced from our proposal (29). Furthermore, the two results precisely agree if we choose
F (a) = −1
2
ζ2a+
7
8
ζ22a
2 +
(
ζ6
128
− 13
8
ζ32 −
1
8
ζ2ζ4
)
a3 + ... (61)
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